This paper is devoted to some behaviors of solutions of the initial-boundary problem for a singular diffusion equation, namely, localization and large time behavior. After given some special explicit solutions it is proved that solutions of the problem possess the localization property. Next, L 2 decay estimate as t → ∞ is proved by a rather standard energy method. Finally, by comparison with a special solution the expected L ∞ decay estimate is derived.
Introduction
In this paper, we consider a singular diffusion equation with nondivergence form
with the Dirichlet boundary value condition u(x, t) = 0 on ∂Ω × (0, ∞) (1.2) and the initial value condition u(x, 0) = u 0 (x) in Ω, (1.3) where Ω ⊂ R N is a bounded domain with appropriately smooth boundary ∂Ω, p > 1, γ 0 and u 0 is a nonnegative function.
(1.1) arises in some models describing physical phenomenon. For example, (1.1) with p = 2 can be derived as a model of groundwater flow in a water-absorbing, fissurized porous rock bed (see [1, 2] ). Note that (1.1) is closely related to the filtration equation (see [3] [4] [5] then (1.1) can be transformed formally into (1.4) (see [6] ). Since (1.1) may be degenerate or singular at points where u = 0 or |∇u| = 0, the problem does not admit classical solutions in general. Therefore we need to consider weak solutions. Moreover, only nonnegative solutions are considered. Generally speaking, weak solutions of problem (1.1)-(1.3) are not uniquely determined by the initial value. Indeed, many weak solutions were constructed in [7] [8] [9] for the case p = 2 and [10, 11] for the case p = 2 where the general existence results were also obtained. In addition, the weak solutions for (1.1) may not be continuous (see [12] ). Some other results can be referred to [13] [14] [15] [16] and references therein. In the present paper, we are interested in some behaviors of solutions, namely, localization property and large time behavior. We point out that in the case p = 2 and γ = 0, the localization property of solutions was discovered independently by Dal Passo and Luckhaus [7] and by Ughi [8] . By means of a similar idea used in [7] , we extend and generalize the result to the case p = 2 and γ > 0. Another interest of this paper is to study large time behavior of solutions for (1.1). More specifically, L 2 decay estimate as t → ∞ is proved by a rather standard energy method, and the expected L ∞ decay estimate as t → ∞ is derived by comparison with a special solution.
For 
The paper is organized as follows. In Section 2 we first construct some special explicit solutions, and then the localization property is proved. In Section 3 some decay estimates as t → ∞ are obtained.
Localization of solutions
First, we give some special explicit solutions for (1.1) on Ω ∞ . Proposition 2.1. The following functions are weak solutions for (1.1) on Ω ∞ :
Moreover, for any t 1 0 we have
i.e., F i (i = 0, 1, 2, 3) possess the localization property.
Proof. By simple calculation we have
which imply that
and hence
By means of the fact, it is not difficult to check that F i (i = 0, 1, 2, 3) are weak solutions for (1.1) on Ω ∞ . The other conclusions of Proposition 2.1 are obvious, and thus the proposition is proved. 2
In order to show a general result on localization of weak solutions, we need to define the support of a nonnegative function w : Ω → R + ∪ {0} that is not necessarily continuous:
where G = {x ∈ Ω; w(x) > 0}, B ρ (x) = {y ∈ Ω; |x − y| < ρ}, and μ(E) is the Lebesgue measure of set E in R N . It is easy to see that if w ∈ C(Ω), then supp w =Ḡ. 
Proof. For any t > t 1 and any
where
is Lipschitz with constant 1, Rademacher's theorem implies that it is differentiable almost everywhere (see [17, pp. 49-51] ). Hence, for any > 0, ϕ = ψ u+ can be chosen as a test function. Substituting it into (2.1), we derive
Since γ 0, we obtain
where C is a positive constant independent of . Therefore, by noticing u(t 1 ) · ψ = 0, we have
where C is a positive constant independent of . Then, for any δ > 0 and for a.e. 
then letting → 0 to yield a contradiction. Hence μ x ∈ {x ∈ Ω; ψ = 1} | u(t) > δ = 0 a.e. in (t 1 , ∞).
This implies that
The conclusion (1) follows from this and the arbitrariness of σ ∈ (0, 1). By a similar proof as in that of (1), the conclusion (2) can be proved. The proof of Theorem 2.2 is complete. 2
Large time behavior of solutions
Our first main result, namely, L 2 decay estimate as t → ∞, is the following: 
, t >0.
Proof. Taking ϕ = u in the integral equality satisfied by u, we derive
Then it follows from (3.1) and γ 0 that
By Poincaré's inequality, we derive that there exists a positive constant C depending only p and Ω such that
which and (3.2) imply that
On the other hand, it follows from Hölder's inequality that
where C is a positive constant depending only p and Ω, and hence
which gives
. This ends the proof of Theorem 3.1. 2 Furthermore, we obtain the following L ∞ decay estimate. 
To prove Theorem 3.2, we need to establish the following comparison theorem. 
Let g(s) and sgn δ (z) be defined by 
By means of the following fact:
we obtain from (3.4)
Using sgn((g(u 1 ) − g(u 2 )) + ) = sgn((f (u 1 ) − f (u 2 )) + ) we derive 
